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摘要 
 
 
内 容 摘 要 
同步，非线性科学中的一个重要分支，基于同步的理论研究的意
义以及它在物理、化学、生物学、和安全通信等方面的潜在应用，已
经在不同的研究中都引起了研究者的关注。这里我们研究在排斥耦合
的神经系统中时间延迟引起各种同步斑图，包括：完全同步，反相完
全同步，反相同步，相同步。 
  刺激与响应是非线性物理学中的一个重要课题。在这项工作中，我
们研究弱周期信号和空间周期性力驱动的反应扩散系统的动力学行
为。我们发现，系统对弱周期信号的响应能被适当空间周期性力增强，
这是被称为空间周期力引起的共振。我们的结果可能会为理解周期驱
动的上的非线性系统的动力学行为提供帮助。 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
关键词：同步；振动共振；双稳系统；HR 神经元模型
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英文摘要 
 
Abstract 
  Synchronization, an important topic in nonlinear science, has attracted 
attention of researchers in different research fields due to its potential 
application to physics, chemistry, biology, and secure communications. 
We here report that the time delay induces transition from the 
asynchronous state to the complete synchronization (CS) state in the 
repulsively coupled chaotic oscillators. In particular, by changing the 
coupling strength or time delay, various types of synchronous patterns, 
including CS, antiphase CS, antiphase synchronization (ANS), and phase  
synchronization, can be generated. 
  The stimulus-dynamic response is an important topic in physics. In this 
work, we study the dynamics in the reaction-diffusion system subjected 
to a weak signal and a spatially periodic force. We find that the response 
of the system to the weak signal is enhanced largely by the spatially 
periodic force, which is termed spatially periodic-force-induced 
resonance. Our results may shed light on our understanding of the 
dynamics of nonlinear systems subjected to spatially periodic force in  
responding to a weak signal. 
 
 
 
 
Keywords: syncrhonization; vibrational resonance; the bistable system; HR neural 
model
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Chapter 1 Time delay induced different synchronization 
patterns in repulsively coupled chaotic neural oscillators 
Sec I Introduction 
  Recent years, the synchronization has attracted much attention in the 
field of nonlinear dynamics due to its key role in physics, biology, and 
sociology[1]. A variety of interesting problems on synchronization have 
been discussed, such as the analysis method for synchronization[2,3], the 
applications of synchronization[4,5], the stability conditions for 
synchronization[6,7], and so on. In studies of synchronization of coupled 
nonlinear oscillators, different conditions have been considered, such as 
the periodic or chaotic unit, instantaneous or time-delayed coupling, and 
local or global coupling. A rich variety of synchronous phenomena have 
been found, including CS[8-10], phase synchronization (PS)[11,12], 
generalized synchronization[13], and lag synchronization[14].  
  Most of these researches are focused on attractive coupling that the 
sign of coupling strength is positive since the entrainment between 
oscillators is one of the main concerns. However, it is known that the 
synchronization in neuronal oscillators can be improved by combination 
of excitatory, inhibitory synapse interactions and even repulsive 
coupling[15-17]. The oscillators with repulsive coupling of which the 
sign is negative usually repel each other resulting in out-phase behavior. 
This phenomenon has been verified experimentally in the electrically 
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coupled biological neurons, and anti-phase synchronization was observed 
for the strong repulsive coupling[18]. 
    The unusual effect of repulsive coupling has been studied and many 
innovative phenomena have been found. For example, Yanagita et al. 
showed that a pair of excitable FitzHugh-Nagumo neurons can exhibit 
various firing patterns including multistability and chaotic firing when 
elements interact repulsively[19]. Toledano et al. reported that 
two-dimensional colloidal aggregation can be mediated by repulsive 
interactions[20]. Ito et al. studied intermittent switching behaviors in a 
system with three identical oscillators coupled diffusively and 
repulsively[21].  
Time delay, arising from finite propagation speeds of signal 
transmission over a distance, has also been widely studied, and various 
phenomena have been uncovered in time-delayed coupling oscillators. 
Time delay can induce oscillation death and mutistable in limit cycle 
oscillators[22-27]. Kori et al. showed that the slow switching can be 
observed in globally delay-coupled phase oscillators[28]. Furthermore, 
time delay can also be as a method of controlling cluster and 
synchronization in the excitable Boolean networks and the large laser 
networks[29,30]. The appropriate time delays can induce the stable CS in 
a network of neuronal oscillators with attractive coupling[31].  
    Recently, it has been shown that the synchronization degree can be 
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improved periodically with increasing delay length for repulsive coupling 
in a neuronal network with periodically spiking neurons[32]. So far, to 
the best of our knowledge, in all existing works on the repulsive 
couplingsystems, the effects of interplays between repulsive coupling and 
time delay on the synchronization of chaotic oscillators were less 
considered. In this paper, we study two pairs of repulsively coupled 
chaotic oscillators with time delay in the coupling interaction. We show 
that different synchronous patterns can occur with the different values of 
coupling strength and time delay. For the chaotic oscillators, the repulsive 
coupling can typically induce the antiphase synchronization (ANS) state. 
Surprisingly, we find that the time delay can drive the chaotic oscillators, 
which repel each other by repulsive interaction, to the stable CS state or 
PS state. We also find that the CS and ANS states occur alternatively with 
increasing delay length at suitable repulsive coupling strength. 
Furthermore, the phase-flip transition between in-phase and anti-phase 
which has been discussed in attractive coupling system[33-35] is also 
observed in our system with repulsive coupling. 
Sec II The Hindmarsh-Rose neural model 
In the following, we first study a pair of repulsively coupled 
Hindmarsh-Rose neurons with time delay, which are given by the 
following equations[36], 
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where the indices 2,1=i and 2,1=j , respectively. x is the membrane 
potential, y  is the recovery variable, and z  is the adaptation variable. 
r is the ratio of fast/slow time scales. extI is the external current input. The 
parameters setting 0.1=a ; 0.3=b ; 0.1=c ; 0.5=d ; 0.4=s ; 006.0=r ; 
6.10 =x  and 3.3=extI are chosen and fixed at which the uncoupled unit 
exhibits chaotic burst-spike behavior. and ε and τ stand for coupling 
strength and time delay, respectively. Here, we consider repulsive 
coupling. Thus, the sign of coupling strength is negative, which implies 
that the smaller the coupling strength, the stronger the repelling 
interaction. 
The initial conditions for iii zyx ,, are chosen randomly from the interval [0, 
1]. In order to discuss the situation of phase synchronization of the 
coupled elements, the phase of each oscillator is defined as, 
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where kt is the time at which the kth  bursting or spiking cycle begins. 
Our simulation results show that the systems behave three primary 
features: CS, anti-phase synchronization (ANS) which the phase 
difference of two oscillators is close to p and asynchronization (AS). 
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Sec III The numerical results 
  To clarify the effect of time delay on the repulsively coupled 
Hindmarsh-Rose neurons, we discuss the probabilitiesP of CS, ANS, and 
AS of the system at a given set of parameters with 100 random initial 
conditions, which are chosen randomly from the interval [0, 1]. Figs. 1(a) 
and 1(b) show how the three probabilities P change with time delay τ  
for 5.2=ε  and 5.0=ε , respectively. A surprising result given in the 
figure is that the sufficiently large time delay can induce CS between two 
oscillators. For the strong coupling, we can see that the two oscillators are 
mainly in ANS states when s is small, but show CS behavior when s is 
moderate [Fig. 1(a)]. For the weak coupling, however, time delay can 
induce system jump from AS to CS [Fig. 1(b)]. 
 
Fig. 1. (a) and (b) The probability P of anti-phase synchronization, complete 
synchronization, and asynchronization versus τ  for 5.2=ε and 5.0=ε , 
respectively.P is determined by averaging over 100 different sets of initial conditions. 
  To get a global view, the phase diagram on the ),( τε  plane is shown 
in Fig. 2. The ANS, AS, and CS region are determined by 
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8.0>ANSP , 8.0>ASP ,and 8.0>CSP , respectively; otherwise, the coexistence 
regions are defined. In Fig. 2, the green region corresponds to AS and 
here the two oscillators exhibit phase-drift behavior; the pink region 
corresponds to ANS. Interestingly, there exists a large region for CS 
which is represented by the yellow region. Some special regions, i.e., 
bistability regions of CS and ANS, are marked out. In the regime 
indicated by dense, the system exhibits more complex behavior. 
 
 
Fig. 2 Phase diagram on the ),( τε plane for different synchronous regions of the 
repulsively coupled Hindmarsh-Rose neuronal model (Eq. (1)). The letters CS, ANS, 
and AS stand for the complete synchronization,anti-phase synchronization, 
asynchronization, respectively. The coexistence regions of ANS and CS (AS) are 
indicated by the different colors. 
  To show the detailed dynamics, Figs. 3(a)–3(d) plot the time series of 
)(tx for the system with randomly chosen model parameters in each 
region. Fig. 3(a) gives the antiphase synchronous bursting, and Fig. 3(b) 
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presents the complete synchronous spike. Fig. 3(c) shows out-phase 
chaotic solutions between two oscillators, while Fig. 3(d) is devoted to 
examples of coexistence of ANS and CS with different initial conditions 
in which the inset shows the CS state. 
 
FIG. 3. (a)–(d) The time series of )(1 tx  (black line) and )(2 tx  (pink line) (a) of 
ANS with )3.0,5.1(),( −=τε , (b) of CS with )3.3,5.1(),( −=τε , (c) of AS with 
)5.1,74.0(),( −=τε T and (d) of coexistence of ANS AND CS with )6.3,0.2(),( −=τε . 
  In order to discuss the dynamical behaviors in detail, the bifurcation of 
itΔ which is defined as the inter-spike interval for different time delay is 
given in Fig. 4. At the small time delay, we can find clearly that the 
system transfers from the chaotic state to the periodic bursting with the 
increase of the coupling strength [Fig. 4(a)], and the period 1+n  period 
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n  bifurcation occurs in the periodic region [the zoomed-in part of Fig. 
4(a)]. For the large time delay, however, the periodic spiking occurs at a  
larger range [Fig. 4(b)]. The dynamical phase diagram is plotted in Fig. 5 
on the ),( τε plane. Comparing Fig. 5 with Fig. 2, we can get three 
interesting features: (i) the two oscillators at ANS fire with periodic 
bursting or spiking, (ii) the two oscillators which behave chaotic behavior 
are in AS state, and (iii) CS is usually achieved by periodic spiking. 
Furthermore, period →+1n period n  bifurcation is presented clearly in 
Fig. 5. 
 
FIG. 4. (a) and (b) The bifurcation of it∇  (the interval time of successive spikes) of 
)(1 tx  for s 5.0=τ  and 4.0, respectively. The inset of (a) shows the zoomed-in part 
of (a), indicating the nn →+1  bifurcation. 
 
  The underlying mechanism for the phase transition from ANS(AS) to 
CS can be understood well with Figs. 6(a)–6(d), which show the phase  
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 FIG. 5. Schematic phase diagram for Eq. (1) in the ( )τε ,  plane for different 
dynamic parameter region. The chaotic state is determined by randomicity of it∇  . 
difference between two oscillators and the frequencies of two oscillators 
as a function τ  for 8.1−=ε  and 0.2−=ε , respectively. Figs. 6(a) and 
6(c) indicate that the phase difference abruptly changes from π to 0, 
indicating that the flip bifurcation occurs. This phenomenon has been 
observed widely in many systems with attractively coupled oscillators. 
However, the two oscillators jump to the coexistence region of out-phase 
and in-phase for the large coupling strength (Fig. 6(c)). The left and right 
insets in Fig. 6(a) are representative trajectories at 9.2=τ , before the 
bifurcation, and at 1.3=τ , after the bifurcation, respectively. The 
oscillation frequency Ω (measured from the peak-to-peak separation) is 
also a key characteristic of the phase-flip bifurcation. Figs. 6(b) and 6(d) 
show the simultaneous jump of frequency. 
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 FIG. 6. The phase difference between the oscillators ((a) and (b)) and the frequency 
of the synchronized oscillators ((c) and (d)) as function of τ  for 8.1−=ε  and  
0.2−=ε , respectively. The trajectories before and after the transition are shown in 
the inset of (a). 
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